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Motion of the reaction front in the A+B—C reaction-diffusion system
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We examine the parameters that govern the motion of the reaction front Atlise— C reaction-diffusion
system with initially separated reactants. We claim that three different parameters determine the direction of
motion of the front at different time regions. We predict the surprising possibilitjwof switches in the
direction of motion of the front, as well as a situation of a stationary front after a single change of direction.
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The kinetic behavior of the reaction front in initially sepa- R(x,t) =kp,(X,t) pp(X,t), and are the global reaction rate,
rated reaction-diffusion systems has attracted much researét(t), the location of the reaction front cente(t), the front
interest in the last few yeafd—22|. This is mainly since, width, w(t), and the production rate of at the center,
unlike other initial conditions, the initial separation of the R(x;,t). Among these, the reaction front centes(t), which
reactants is an initial condition that can be experimentallyis defined as the position where the production rat€ aé
achieved 2,3,6,15,22 Gdfi and Raz[1] introduced a scal- maximal, has been found to have the most interesting and
ing theory for the simplé+ B— C system, based on mean- nontrivial behavior. This is reflected in thnuniversabe-
field equations for the local concentratiops, py,, havior in early times, where there can be as many as four

different universality classes, and more than two regions in
dpa 2 time, depending on the system parametgysb,, D,, and
W‘DBV Pa—Kpapy, (1a Dy. In particular, it has been showi] that the front can
exhibit a nonmonotonic motion along the separation axis.
apy, , The swit'ch in the direction of mgtion occurs in the early-
—t ~ DbV pr—Kpapy, (1b  time regime, and has been obtained both theoretically and
experimentally. The question is, however, what happens to
whereD, and Dy, are the diffusion coefficients arldis the these fou_r universality (;Iasses when the system enters intq .
microscopic reaction rate constant. For the initially separate&syrﬂftouc t|me_ phase _HOW does the front location attains
system, the initial condition reads grsn';? asymptotic behavior? What happens at the crossover
pa(X,00=agH(x), pp(x,00=bg[1-H(x)], (10 In this Rapid Communication, we study in detail the
crossover behavior of the position of the reaction front cen-
whereag, by are the initial densities ank(x) is the Heavi- ter. We do so by examining the conditions which govern the
side step function, so that th&’s are initially uniformly  direction of motion of;, and show that different parameters
distributed on the right sidex(>0), and theB’s on the left  affect this motion in different time regimes. In particular, we
side x<<0) of the initial boundary. show that there exists a surprising possibility osecond

Later on, Taitelbaunet al. [5] presented a perturbation change of direction, and we define the appropriate conditions
analysis to study the early-time regime, which is relevant tdor this phenomenon.
the case of a noninstantaneous reactiom, k is finite and In the pioneering paper by Gaand Raz [1], they ob-
smal). It has been shown that there exists a series of cros¢ained the asymptotic time behaviey ~ t*/? which follows
overs from the initial to the asymptotic kinetic behavior of intuitively from the diffusive nature of the reaction-diffusion
the reaction front. These crossovers depend on the micrgystem. They also pointed out that in the symmetric system,
scopic reaction constant, as well as on the diffusion coeffii.e., ap=by (assuming thatD,=Dy), the front does not
cients and initial densities of the two species. For examplemove andx;=0 for all timet. In a later publication, Jiang
the global reaction rate changes dramatically from an initiaend Ebnef4] showed that the more general condition for the
tY2increase to a final” *? decrease, at a time proportional to center of the front to be stationary is
k=1 [5]. In practice, these crossovers take place on a real
time scale ohours thus providing a useful means to extract
microscopic parameters from macroscopic experiments. The agVDa=bg\Dy. 2
experimental results have confirmed the general crossover
predictions, and provided more data which can be explained
on the grounds of a slightly more complicated reactionThis is based on the observation that in the long-time limit
schemd 22]. the reaction zone is fed by the diffusive fluxes/fand B,

The quantities that describe the kinetic behavior of thewhich at timet are given byagyD,/t andbyyDy/t, respec-
reaction front are defined through the reaction termtively. Equality of these fluxes would result in a stationary
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front, while unequal fluxes will cause a motion of the right, A side. Note that this result involves both two lowest
front from the side in which the species’ flux is bigger to- orders ine, so one expects the transition of the front from
wards the side which has the smaller flux. Jiang andbne direction to the other to occur at a rate proportional to
Ebner support their findings by numerical calculations. Thet®? Experimental results reported [6] confirm the non-
validity of (2) has been recently confirmed analytically by monotonic motion foD =1.14 andr =0.26.
Koza[21]. ForD>1 andr>1 (or both less than)]1 Eq. (4) predicts
These arguments pertain to the long-time limit only, or,thatx; is monotonic in time, where at the very earliest times
equivalently, to the case of instantaneous reactiofinite  x; ~t'2 and at later time; ~ t>2, corresponding to the
k). Whenk is finite, the reactants do not necessarily react ororder of the perturbation expansion.
each encounter. As a result, they have the possibility of dif- Consider now the most interesting case of the non-
fusing through one another, until they become effectivelymonotonic behavior in the early-time regime, wibh>1
mixed. This leads to an early-time kinetic behavior which isandr <1 (or vice versa If these parameters fulfill also the
characterized by completely different proper{iBg]. In this  relation r?°D=1, then due to(2) we can expect the front
region one can treat the little reaction as a perturbation relao become asymptoticallgast— o) stationary. So is it pos-
tive to the diffusion, using a perturbation parametewhich  sible that the front would start to move, change its direction,
represents a small dimensionless reaction constant, and a&d finally stop? If not, will it continue in the same

given by direction?
k In what follows we propose that three different
€= T/—/———- ) parameters govern the direction of motion as time evolves.
VaghoDaDy

Based on the above discussion of the nonmonotonic case, it

The general expression fog; in the early-time region has is reasonable to assume that at the very earliest times the

been found by Taitelbauret al. [6] to be given by direction depends o only, where later, still within the
short-time regime, it is that determines the direction. In the

1 /(1 asymptotic time regime we suggest that the dominant
\/——<\/—5— VD |t~ Y2+ eM(D,r)tY2 parameter is the _comt_)inaticrﬁD, following from Eg. (2).
x(t)= 77 (4) In each time region, if the relevant parameter of this re-
1, gion (D, r, or r?D) is greater than 1, the front will move
;t +eN(D.r) from the A side to theB side. If it is less than 1, the motion
will be in the opposite direction, from thB side to theA
where side, and if it is equal to 1, the front will be stationary
D, \/a70 or temporarily stationary. Thus, various combinations of
D= D_b r= b_o' ®)  these parameters are expected to yield rich kinetic behavior

of the reaction front, in particular unusual nonmonotonic

and M and N are time-independent constants, which de-properties.
pend in a nontrivial manner oD andr. A detailed exami- We have performed numerical calculations based on the
nation of the expressio#) as a function oD andr results  standard, finite-difference method, to check our claim. In
in four different universality classes in the early-time regimethese computations we have used the following method to
[6,14]. calculate the location of; . First we find the poink,, of the

To the lowest order ine one obtainsx;~ tY¥?, but finite-difference grid at which the production rafeattains
this is provided thaD# 1. WhenD =1 (andr #1), the first the maximal value. Then we use five poinig,_,, .. .,
term in the numerator vanishes, the front is stationary,. ,, to find the quadratic functiog(x)=ax?+bx+c that
to the lowest order, and when the next order term becomesould minimizex?=3;[R(x;) — y(x;)]2, where the sum is to

significant, one obtaing; ~ et¥2 If D=1 andr=1, then be taken over=m—2, ... m+2. Finally we estimate; as
M vanishes as it should, and=0 for all t, due to sym- the point maximizing the value of. This form of interpola-
metry. tion enabled us to investigate the evolutionxgfvery pre-

The most interesting behavior of the functigy(t) is that  cisely. The calculations have been performed for a wide
it can have an extremum point with the physical implicationrange of the system parameters. The numerical results con-
of a nonmonotonicmotion along the separation axis. The firm our claim thatD, r, andr2D determine the direction of
time t*, for which x;(t) has such an extremum point, de- motion of the front in the short, intermediate, and asymptotic
pends in a complicated manner Bnandr, through rather time regions, respectively. In what follows we present the
cumbersome expressions fir andN. The condition for a  exotic consequences of this general description.
positive ¥, and thus for a physical meaning of switching In Fig. 1 we show our results for a system whose
directions, is{D>1 andr <1}, or, equivalently{D<1 and parameters are chosen so tHak1l, r>1, for various
r>1}, provided that the value @ is relatively close to 1, as possibilities ofr?D. The specific values are=0.01, initial
is discussed in detail if6]. This result is understood as densitiesa;=0.2,by=0.1 (r=1.414), diffusion coefficients
follows. Suppose, e.g., th&,>D, and ag<b,. At very D,=0.1 and various D,=0.38, 0.4, 0.42, so that
early times diffusion effects are dominant, and the directionrD=0.513, 0.5, 0.488 and r’D=1.026, 1, 0.976,
of motion is determined by the penetration of thespecies respectively. SinceD<1 and r>1, the directions of
to the left,B side of the system. Later on, the reaction comeshe front motion will beB— A and thenA—B in the short-
into play, and the species with higher concentrat®nwill time regime. After the asymptotic time region sets in, we
govern the direction of motion, which will be towards the have all three possibilities: continuation in th&—B
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FIG. 1. The reaction front cente; as a function of time as FIG. 2. The reaction front centes; as a function of time as
obtained numerically for fixed initial densitigs>1) and various °btained numerically for flxezd diffusion constanf3* 1) and vari-
values ofD(D<1) andr2D. Parameter values ake=0.01,densi-  OUS values of (r<1) andr°D. Parameter values ake=0.002,
ties a,=0.2, by=0.1 (r=1.414), diffusion constants diffusion constant©,=0.4,D,=0.1 (D=2), densititesho=0.5
D,=0.1 andD, as is indicated in the figureD(<1). The initial ~ @Nda as is indicated in the figure <1). The initial motion from
motion from left @) to right (A) is reflected in an initiaincrease ~ 119ht (A) to left (B) is reflected in an initiadecreaseof x;(t).
of x¢(t).

behavior[14], but do not possess any nonuniversal or non-
direction (for r2D>1); approaching a stationary position Monotonic properties as does, the location of the reaction
(for r2D=1); and the most surprising phenomenonseg-  [ront center. .
ond switch to B—A (for r2D<1), which is reflected by a The significance of these results from the experimental
second extremum point in the ,curve fag(t). All these point of view is that they can be used to control the motion

three asymptotic curves belong to the same universalit
class, and exhibit an asymptotit’? behavior with different
prefactors.

of the front. Generally one cannot do much to change the
Yalues of the diffusion coefficients of the reactants which are
determined by the type of solution in which the reaction
; . takes placg3]. However, the initial densities can be con-
In Fig. 2 we show 5|2m|Iar data fob>1, r<1 and the  {gjled more easily, allowing one to obtain some preset val-
three p055|bll!t|es_ forr°D. The specific parameters are ,es forr and particularlyr?D, in order, for example, to
k=0.002, diffusion constants D,=0.4, D,=0.1  stabilize the front motion, or to have it moving in any pre-
(D=2),initial concentration®,=0.5 and various,=0.24,  ferred direction. In the experiment described by Taitelbaum
0.25, 0.26 (=0.69, 0.707, 0.721 so thatr’D=0.96, 1, et al.[6], the parameters wei@=1.14 andr =0.26, so that
1.04, respectively. The directions of motion afe—~B  r2D=0.08, and indeed only one switch of direction has been
(D>1), B—A (r<1), and then according to the value of observed, in agreement with the above conclusions. It re-
r?D. It can be seen that at the earliest times the three curvasains an experimental challenge to obtain the second switch
for the various values af are indistinguishable, which con- or the stationary state as well.
firms that at this region the behavior dependsioonly. As In summary, we have presented a surprising behavior of
is evident from the figures, the starting of the asymptoticthe reaction front in the initially separateé+B—C
region occurs at a time which is about an order of magnitudéeaction-diffusion system, which is the possibility tofo di-
larger than the first switch of direction. The latter occurs at d€ction changes during its motion, as well as a stationary
time of orderk ™1, which is the typical time for the beginning front after a single switch of direction. These phenomena

of the asymptotic region in systems with a monotonic motionrésult from the fact that three different parameters determine
of the front. the direction of motion of the reaction front in different time

It is interesting to note that other relevant quantities in thisl€9IMes.

reaction-diffusion system with initially separated reactants, We acknowledge support by the Polish UWR Grant
such as the local or global production rates or the width oNo. 2115/W/IFT/95(Z.K.) and by the Israel Science Foun-
the reaction zone, do not exhibit such a rich spatiotemporadation (H.T.). Z.K. thanks L.A. Turski for stimulating dis-
behavior. They do cross over from short-time to asymptoticcussions.
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